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Abstract— Let 17 and A be positive integer, 1K, denote a complete multigraph. A decomposition of a graph & is a set of subgraphs of &
whose edge sets partition the edge set of &. The aim of this paper, is to decompose a complete multigraph 4K, into cyclic {w —1)-
cycle system according to specified conditions. As the main consequence, construction of decomposition of 8K, into cyclic
Hamiltonian wheel system, where v = 2{ined 4, is also given. The difference set method is used to construct the desired designs.
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I. INTRODUCTION

Throughout this paper, all graphs consider finite and
undirected. A complete graph of order v denotes by K_v. An
(G,Y)-design is a decomposition of the graph G into
subgraphs belonging to an assigned multiset Y.

An m-cycle, written C_m=(c_0,:--,c_(m-1) ), consists of
m distinct vertices {c¢_0,c_1,--,c_(m-1) } and m edges {c_i
c_(i+1) },0<<i <m-2 and ¢ 0 ¢_(m-1) and m-cycle of a
graph G is called Hamiltonian when its vertices passes
through all the vertex set of G. An m-path, written
[c 0, -~ ,c (m-1) ], consists of m distinct vertices
{c_0,c_1,~-,c_(m-1) } and m-1 edges {c_i c_(i+1) },0<5i <
m-2. An m-cycle system of a graph G is (G,C)-design where
C is a collection of m-cycles. If G=K_v then such m-cycle
system is called m-cycle system of order v and is also said a
simple when its cycles are all distinct.

An automorphism group on (G,Y)-design is a bijections
on V(G) fixed Y. An (G,Y)-design is a cyclic if it admit
automorphism group acting regularly on V(G) [1]. For a
cyclic (G,Y)-design, we can assume that V(G)=Z_v. So, the
automorphism can be represented by

a:i—~i+1l ("mod" v)or a:(0,1,-:-,v-1)

A starter set of a cyclic (G,Y)-design is a set of subgraphs
of G that generates all subgraphs of Y by repeated addition
of 1 modular v.

A complete multigraph of order v, denoted by AK v, is
obtained by replacing each edge of K v with A edges. The
problem which concerned in the decomposition of the
complete multigraph into subgraphs has received much
attention in recent years. The necessary and sufficient
conditions for decomposing AK v into cycles of order A and
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cycles of prime oredr have been established by [2]. While,
the existence theorem of m-cycle system of AK_v has been
proved for all values of A in [3]. For the important case of
A=1, the existence question for m-cycle system of order v
has been completely settled by [4] in the case m odd and by
[ 5] in the case m even. Moreover, the cyclic m-cycle system
of order v for m=3, denoted by CTS(v,A), has been
constructed by [6] and for a cyclic Hamiltonian cycle system
of order v was proved when v is an odd integer but v=15
and v#p” a with paprimeand a >1 [7].

On the other hand, the necessary and sufficient conditions
for decomposing AK v into cycle and star graphs have been
investigated by [8].

A four-factor of a graph G is a spanning subgraph whose
vertices have a degree 4. While a near-four-factor is a
spanning subgraph in which all vertices have a degree four
with exception of one vertex (isolated vertex) which has a
degree zero [9].

In this paper, we propose a new type of cyclic cycle
system that is called cyclic near Hamiltonian cycle system of
4K v, denoted CNHC(4K_v,C_(v-1) ). This is obtained by
combination a near-four-factors and cyclic (v-1)-cycle
system of 4K_v when v = 2(mod 4). Furthermore, the
construction of CNHC(4K_v,C_(v-1) ) will be employed to
decompose 8K_v into Hamiltonian wheels.

Il. PRELIMINARIES

In our paper, all graphs considered have vertices in Z,,.
We will use the difference set method to construct the
desired designs. The difference between any two distinct
vertices a and b in 1K, is +la — 5|, arithmetic (mod v} .
Given Cp, = (cg. .. €y ) @n m-cycle, the differences from



C, are the multiset A(C .} = {+le; —¢;_,| li=1.2.....m}
where ¢, = ¢,,. Let F ={B,,B,.....B.} be an m-cycles of
AK, the list of differences from F is A(F) = UT_, A(B;).

The orbit of cycle C,, denoted by orb(C,.}, is the set of
all distinct m-cycles in the collection {C, +il i € Z,}. The
length of orb(C,} is its cardinality, i.e., orb(C, )} =k
where & is the minimum positive integer such that
Cm + & = Cp. A cycle orbit of length 1 on 4K}, is said full
and otherwise short. [10]

The stabilizer of a subgraph H of a graph & of order v is
stab(H) ={zeZ, | z+H=H} and H has trivial
stabilizer when stab{H) = {0}. One may easily deduce the
following result.

For presenting a cyclic m -cycle system of iK,, it
sufficient to construct a starter set, i.e., m-cycle system of
representations for its cycle orbits. As particular
consequences of the theory developed in [11] we have:

Lemma 1. Let H be a subgraph of G and |stab (H}| =1,
Then each nonzero integer in AH appears a multiple of
|stab (H) | times.

Lemma 2. Let & be a multiset of subgraphs of K, and
every subgraph of & has trivial stabilizer. Then & is a starter
of cyclic C AK,. YY) -design if and only if A5 covers each
nonzero integer of &,, exactly 4 times.

I11. CycLIC NEAR HAMILTONIAN CYCLE SYSTEM

Definition 1. A full cyclic near Hamiltonian cycle system
of the 4K, , denoted by CNHC(4K,.C,_,}, is a cyclic
{r — 1) -cycle system of 4K, graph, that satisfies the
following conditions:

1. The cycle in row r form a near-4-factor with
focus r.

2. The cycles associated with the rows contain no
repetitions.

Surely, for presenting a full cyclic near Hamiltonian
cycle system of the 4K,,, CNHC(4K,.C._,), it is sufficient
to provide a set of starter set that satisfies a near-4-factor.
We give here example to explain the above definition.

Example 1. Let G = 4K,, and F ={C,5.C5}is a set of
13-cycles of & such that:

€,,=101,13,2,12,3,11,4,5,10,6,9,7.8),
€,=1013,8,12,9,11,10,4.3,5.2,6,1,7).

Firstly, it is easy to observe that each non zero element in
£,4 occurs exactly twice in the 13-cycles of F. Since, the
cycle graph is 2-regular graph, then every vertex has a
degree 4 except a zero element (isolated vertex) has a degree
zero. Thus, it is satisfies the near-4-factor with focus zero
element. Secondly, the list of differences set of the set F is
listed in Table |

TABLE |
THE LIST OF DIFFERENCES OF F

13-cycles Difference set

2,12,3,11,4,10,5,%.6,8.7.7.1.1 3;]

(1,13,2,12,3,11,45,10,63,7.8) [ £0.410211919113.7.7

[5,9,4,1 0,3,11,2,12,1,13.6.8.1.1 3,]

(13,8,12,9,11,10,4,3.5.2,6,17) 5123114 10.5.9.6 B4 8

81

It can be seen from the Table I, A(F) = alC, ;U A(C ;)
covers each nonzero element in Z, exactly four times. Since
the cycles set F has trivial stabilizer based on Lemma 1,
then the set F =1{C,..C5} is the starter set of
CNHC(4K,,.C,3) by Lemma 2.

Therefore, CNHC (4K,,.C 2} is an (14 x 2} array design
and cycles set F = {C,;.C3} in the first row generates all
cycles in (14 = 2) array by repeated addition of 1 modular
14 as shown in the Table I1.

TABLE Il
CNHC(4E,,. C..)

Focus CNHC(4Kyy.Cp3)

r=0 | (1132123,11,4510,69,78)| (13,812,911,104,3,5.2.6,17)

r=1 | (2.0313412561171085)| (0,3.131012,11546.3.728)

r=2 (3,1,4.0,513,67.12,8119,10) (110,0,11,13,12,65,7.4,8.3,9)

r=13 | (0,12,1,1,2,10.345.5867) | (12,7.11,8.10,9.3.2.4,15.0.6)

Throughout the paper, a near Hamiltonian cycle of order

(v — 1) will be represented as connected paths, we mean
that C,_, = (.. P> P2, ) where.PT, and P, are
{2n’)-paths such that:

Pl = [ﬁ'ILLI-ﬁ'.:L.-ﬁ'.L:.-CI::I-----ﬁ'.Ln.-ﬁ'.:n.]v
_[UF=L':'LI"":|:I'|]

Py = [C'!L"'5'|4L|'Cn!:wf"'.t:"""ﬁ'n!r!n'cn_tr!u]
=[UF=LG'EI"":|-'I-I'|]-

Let the vertex sets of P, and PJ, are

{U:"!:Lf"ll. i UF=J.CI: fl}'{UF:L Cra,p o |"‘II=J.':."|-'I-I'| } ,
respectively. And the list of difference sets of P, and
P will be calculated as follows:

A(PE,) = 8, (P, DU a2 (PT),
{ |:1'4.} ":"J.{ .3'4.}U:':'- {P,:g' }SUCh that
Ay .f.} {"—'|'5'|L|'| ||J-‘-'_i ‘—'_in}

°r } {i'ﬂulfﬂ.u Ci= |||| 1=i 5?‘1—1}.
)= {tleas — canllt =1 =n}.
)={

cl-tl'l”J' =iZz=n-— J'}

AP,
L{P.
{ |!ﬂ-1|

i |C|! I+1) —




And  we define Ale,,. P, AP, c\,) and
AP, PP, ) as follows

":"{EILI P, .} +|':"J.'_ |LL||-

‘ﬂ{PI!-tl |J.|]I +|':'|.1.r|l_ CI]_I|

"j'{ IJ.. i |!'4|} +|'5""r-l - I5'l:qj_||

So, the list of difference of C,_, shall be represented as
a follows

alc, ) = { .L'.}Uﬂ{ .:1'4.}U*':"{5'.1.| .L'.}U
*':"{P.g_t. |L|}U‘ﬂ{ Pl sz'.t.}

Now we are able to provide our main result.

Theorem 1. There exists a full cyclic near Hamiltonian
cycle system of 4K, CNHC(4K,.C._,) , when
v=4n+2in =2

Proof. Suppose F ={C4n.:.Cines 1 is a set of near
Hamiltonian cycles of 4K, .. where

If"’-‘l-i"!+]. = {J' PI-L. | Pl-ﬂ.-‘l-l}
Ciner = (2n + 1P B7T)
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Such that:
o PP =[Mn+124n3 . 3n+2n+1]
=[UL 4n+2-5i+1]
Pl ,=+23n+1Ln+3.3n..2n+12n+

o 2==[Urn+1+i3n+2-il

P.'[T.' [4n +1.2n +2.4n.2n +3,....3n +

o 23 +1]=[UL dn+2—i2n+1+1]

m+Llnn+2n-1..2n1]
=Ul, n+in+1—il

I_ﬂl
. P,“,

We will divide the proof into two parts as follows:
Part 1. In this part will be proved that F satisfies a near-4-

factor. We shall calculate the vertex set of €.y and C4nuy
such that:

V(Cinsr) = V(P Juw(p, Ju 1}

V(Cinar) = VP YUV (PSY Juden + 1},

Ut ennp=Mn+2-51=i=n}
={4n+1L4n,...3n + 2}, (1)

Ul cop=li+l.1<isn}={23...n+1}, (2

Ul cp =tn+1+il=<i=n}
=fn+2n+3..2n+1}, (3)

Ul eun=0Bn+2—-i, 1=i=n}
={3n+13n,...2n+ 2} (4)

From above equations, it is easy to notice that V(€. )
covers each nonzero element of &4, - exactly once.

Ul cl,y =Mdn+2-il<i<n}

={4n+ L4n....3n + 2}, (5)
Ul,cl,y={2n+1+il=i<n}

={n+22n+3,...3n + 13, (6)
UF:LEI-E 0= nt+il=i=sn}

={n+Ln+2..2n} 7
U cl,n=+l-id={n-1..1} (8)

It can be observed from the above equations that
V(Cinat) = V(ChL) . Then, the multiset
V(Cynay) U V(C,.,) covers each nonzero elements of
Z4nen exactly twice. Since the cycle graph is 2 -regular
graph, therefore F = {C ... Cinsy § satisfies a near-four-
factor (with focus zero).

Part 2. In this part we will prove F = {Cy,.;. Ciney Jis the
starter set of cyclic (v — 1)-cycle system of 4K,,. So, we will
calculate the difference set of each of them as follows:

AlCansa) = "lj'{ |J.. |} U*':"{Rg_u}Uﬂ{C.L..P.:f:,}U
a':'-{P.l:..P.“.}Uﬂ{P,:!”_t,.c,L.}
9)

A (B2 )= U, 4lan+1— 21 = {4n — L4n —
e J...Zn+1}uf3s5..2n+1}

A.(P2 P )=Urt+lan — 21l = {4n — 2,4n —
e 4...2n+2}u{4,6,... 2n}

AP )= UR £12n 41— 2 ={2n — 1,2n —
o I...1}Uuln+32n45 .. .4n+1}

A(P PP )=Urt+lzn—2il ={2n—2,2n -
. .....2}U{2n+=1-.2n+ﬁ.....=1-n}

® ":"{ Craye |]_- .} +|I5'lj_|— C|LL||—{? ‘1-11}
* ‘ﬂ{PI-L. ) :JI-!.-‘I-I}_t||:||:ﬂ|_c|!]_||_{]-"1'ﬂ+1}.
® "I:I'{P;!..h |J.|}I - i|cl_1.nl - |:'|j_|| = {2?’1 +1.2n+ J_}

From the equation 9, We note that the list of differences
of Cyper, A(C4.1), covers each nonzero elements of
Zn+- twice except the differences {2n.2n + 2} appear
once.

Now we will calculate A(C},.,) such as

i 07 Yo () v )
,-j,( I'l'”l' Pulg_j: )U.ﬂ{ Pl:;i: cto)
(10)

8, (PR )= U, lon +1— 21 = 2n -

(2]
e Lo2n-3 .. 3uln+32n+5..4n+1}



8, (BT ) =Urst+len — 2 = {2n —2.2n -

1.2

o 4...Ztuiln+4.2n+6, ...4n}

A, (PN )= UL, £l20 - 1] = {13,020 — 1}
o Wn+l.4n-—1,..2n+3}

I"il!l-

8, (B ) =urstlzd =24 2n -2} U

o ldn4n-—2,..2n+4}

o 8(ey P ) =tlery— efnl=Enm e 2
A (P'Ifﬁ:-'*p'l;i:-) = i|"""'-: m — €z J.'| ={2n,2n +
. 2

[2@l*
P;g_-u

. A (

As clearly shown, in the equations 10, every nonzero
element in Z,,.- appears twice except {2n.2n + 2} appear
three times in A(C},,,). Based on Lemma 1, the cycles
{Cyns1. Cinsi Yhave trivial stabilizer.
One can easily note that A(F) =A(C,,.,JUA(C,, )
covers each non zero integers in &4,,. four times. Thus,
F ={Cyns1. Cinsy}is the starter cycles of cyclic (v — 1J-
cycle system of 4K, by Lemma 2. Hence, the cycles set
F ={C4ns1. Cins1} generates a full near Hamiltonian cycle
system of 4K, by adding one modular v when
v=dn+2, n=2

.I:'|-J_|) = il C".‘I.i‘!' - c"]_'l = {2?1.2” + 2}

IVV.CcYCLIC HAMILTONIAN WHEEL SYSTEM

A wheel graph of order m, denoted by W, consists of a
singleton graph K; and a cycle graph of order m — 1, €y,
in which the X, is connected to all the vertices of Cp,_y,
written K, + Cpy OF ¢g + (4. €20 €y ). An m -wheel
contains 2(m — 1) edges such that the edge set of W}, is
E(W,) = E(K, () WE(C,_,) [12].

An m-wheel system of graph & is a decomposition of
edge set of G into collection W = {W}, ..... W, }of edges-
disjoint of m-wheels. Similar to the cyclic cycle system, an
m-wheel system of 1K, is a cyclic if V{1K,) = Z, and if
Wy =cp+ Ii.::'l_..::':. v "-"'rr.—J.] e W implies that
Wop+1=leg+ 1D +0e, + Lo+ Loy + 1) is also
in W . Moreover, if m =1 then it is called a cyclic
Hamiltonian wheel system. The list of difference o
W = cp+ (epezivnbmy) is
AW, ) = A(K, (o JU A(C,,) such that
‘ﬂ{cm] = {ilcfﬂ._ I5'|'“ 1=i= m—1} where Em = Cp
and A Ky mr)) = {#le = col11=i< m—1}. More

Wi, . Wy, } of m -
list of differences from 1 is

generally, given a multiset 14" =
wheels of AK, , the
AW = UL, AW, .
Definition 2. The full cyclic Hamiltonian wheel system
of a graph 8K,,, denoted by CHWS (8K,.14"), is a cyclic (v} -
wheel system of a graph 8K, that generated by starter set
w= {I-L’L.I.....l-t{.l} such that the associated cycles with
wheels satisfy near-four-factor with focus singleton graph.
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In other words CHWS (8K,. 1) is a (v x [WI|) array
such that satisfies the following conditions:

1) The wheels in row r form a r +(near-four-factor).
2) The wheels associated with the rows contain no
repetitions.

For clarity, we provide an example to demonstrate the
construction of a cyclic Hamiltonian wheel system stated
above.

Example 2. Let G = 8K,, and W = {W,,;, W3, }is a set
of Hamiltonian wheels of 8K,
Where
W, =K, +C=0+
(1,13,2,12,3,11,4,5,10,6,9, 7. 8)
and
W, =K +€,=04(13,8,12,9,11,10,4,3,5,2,6,1,7)

From the Example 1, we can note that the 13-cycles
{C,.C5} satisfy a near-four-factor with focus 0 (zero
element). Moreover, the list of differences from {C,3.C 5}
covers every nonzero element of £, exactly four times.
Now we want to find the list of differences from
(Ky 2 JU (K] 5 ) asafollows

ﬂ{j{l,u,} = ‘[i|ﬂ'.' - n::'[,| |11 =<i

< 13}
= {+lgl 11

=i=< 13}

such that the ¢; V(€511 =i = 13. Since the vertex
set of Cyqis 2,4 —{0} and Z,,=—Z,,, then A(K, (15)
covers each nonzero element of Z,, twice. Similarly, one
can be found A(K,(,,, ) = A(K, (15). So AQW) covers each
nonzero of Z,, four times. Thus, W = { W,,. W31} is the
starter set of CHWS (8K ,,. W},

Then CHWS(8K,,. W,) is an (14 x 2) array deign
where all its wheels can be generated by repeated addition 1
(modular 14) on the starter set 1 as shown in the Table III.

TABLE IlI
CHWS(BE, .. W)

CHI:-'.-’S('BKH.WJ

0+ 0(1,13212,3,11,45106978) | 0+ (13812,511,10,4,3,5.2.6,1,7)

1+ (2,03134125611,710,89) | 1+ (0,91310,12,11,5.4,6.3.7.2.8)

24 (314051367.12,811510) | 2+ (1,10.0,11,13,12,6.5.7.4.8.3.3)

13+ (0,12,1,1,2,10,3,48,5,86.7) 13+ (12,7,11,8.10,9,3.2.4.1.5.0.6)

The following the existence of
CHWS (8K, ... W),
Theorem 2. There exists a full cyclic Hamiltonian wheel
system of 8K,,, CHWS (8K,. W) forv=4n+ 2,n = 2.
Proof. We have to present a starter set
W =1{K, + Cyp.r. K] +Cipi} of CHWS(8K,. W) such

theorem proves



that the cycles associated with the wheels in 1" satisfy a

near-four-factor with focus a singleton graph.
Suppose W ={0+ Cyppy . 0+ Cipuy b s

Hamiltonian wheels of 8K, .- where

a set of

Caner = {]"Pu:f!:.'P.:gﬂ-tl}_l ! .
Cansr = (2;:1 + -LP':r!l .P‘I:ﬂ' )

[LZ) (3.4
Such that:
o PN =[4n+1.2.4n3...3n+2n+1].
PP, =m+23n4+Ln+3.3n...2n4+1L2n+
o 121
P =Mn+L2n+2.4n2n+3....3n+
o 2.3n +1]

e PV =[+lnn+2n-L..2n1l

From Theorem 1, the cycles associated with the
Hamiltonian wheels in 13" satisfy the near-four-factor with
focus zero element.

Now, we want to prove W = {K, + Cyp. 1. KT + Cinsy}
is a (AK,. W)-difference system. To do this, it is enough to
show that the list of differences

AW = {A(€4n, I U ACS, I U AR (4, ) U

ME, (anen )}

covers each element of {Z,,.. — {0}} eight times. Firstly, as
indicated in Theorem 1, the list of differences of
[(C e )WL, .0} cover each nonzero element in Z ;.-
exactly four times.

Secondly, the list of differences of (K, (sn.y) is
{+le;— 0l le; € Cypn} . Since VICypiy) = Zp.. — 10}
then {le;— 0llc; € Cppurt= Z4n.-— {0} . Because of
E-‘l-i’!+: = _{z4n+:} ) then
AK, fnap) =1{tle; — 0l c; e €y} covers  each
nonzero element of Z,,.- twice. Likewise, we repeat the
same strategy on cycle &; ., to find A(&; .., ). Also,
it is an easy matter to check that
":I'{Kjrl-tr! +J_I}I = ‘I:I'{Kl'-ii’!+l.'}'

Linking together the above list of differences, we see that
ATV covers each nonzero element of Z,4,.. eight times. On
the other hand, each wheel graph in 13" has trivial stabilizer
based on Lemma 1. Therefore, W' is the starter set of
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CHWS (8K, W), by Lemma 2. One can be generated
CHWS (8K, W) by repeated addition 1 modular v on W. o

V. CONCLUSION

In this paper, we have provided new designs
CNHC(4K,.C,_,) and CHWS (8K,, W) where
v = 2(mod4) . These designs are interested in a

decomposition of complete multigraph into cyclic (rr — 1J-
cycle and cyclic (1} -wheel graphs, respectively. We have
also proved the existence of these designs by constructed the
starter set for each of them. Moreover, one can ask if
CNHC(2AK,.C,_,) and CHWS(2iK, W,) can be
constructed for the case v = 2,4(mod 4) and 4 = 2
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